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Abstract
We study the time evolution of the test scalar and electromagnetic fields perturbations in con-
figurations of phantom wormholes surrounded by dark energy with ω < −1. We observe obvious
signals of echoes reflecting wormholes properties and disclose the physical reasons behind such
phenomena. In particular, we find that the dark energy equation of state has a clear imprint in
echoes in wave perturbations. When ω approaches the phantom divide ω = −1 from below, the
delay time of echoes becomes longer. The echo of gravitational wave is expected to be detected in
the near future, the signature of the dark energy equation of state in the echo spectrum can serve
as a local measurement of the dark energy.
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I. INTRODUCTION
In the universe, there is accumulating evidence that classical black holes enveloped by
event horizons can be developed from gravitational collapse. There have been observational
arguments, sometimes very strong ones, in favour of the existence of the event horizon [1],
but it was shown that they cannot prove it [2]. It was also claimed in [3] that the probe
of initial gravitational waves (GWs) ringdown signals can not be regarded as the evidence
of the existence of event horizons, as it suggested that the horizonless objects which are
compact enough to guarantee a photon sphere can mimic the black holes in the sense that
they can generate almost the identical initial ringdown signals of GWs to that of black holes.
On the other hand, there are also strong theoretical motivations and rooms for different
kind of alternatives to black holes, motivated from the quantum gravity effects or the resolu-
tions to the black hole information paradox [4]. In a broad sense, these horizonless compact
objects other than a neutron star are referred to as exotic compact objects (ECOs) [5]. We
can design ECO models to mimic all observational properties of black holes with arbitrary
accuracy, such that we can compare the characteristics of black hole with that of ECOs and
to find a classification for different models [5]. In this context, a number of ECOs have been
proposed, including wormholes [3, 6], gravastars [7–9], boson stars [10], anisotropic stars
[11–13], quasiblack holes [14, 15], dark stars [16–21], fuzzballs [22–26], firewalls [4, 26, 27],
the Planckian correction from the dispersion relation of gravitational field [28, 29]. For more
detailed introduction to ECOs, please refer to Ref.[5] and the references therein.
Given the theoretical importance of ECOs, it is of great significance to explore the ev-
idence of the existence of such objects. The recent direct observation of GWs [30, 31]
provides us a brand new method in astronomical observations, and it suggests the ending
of the era of a single electromagnetic wave channel observation and announces the dawn of
multi-messenger astronomy with GW as a new probe to study our universe. Hence GWs
spectroscopy will play an increasingly important role as more and more events with large
signal-to-noise ratio (SNR) are detected. It is expected to employ GWs spectroscopy to
detect and distinguish different ECOs [3, 32, 33] with the detection of GWs with large SNR.
Apart from using GWs spectroscopy to study ECOs, the recently proposed GWs echoes
can be served as a new characteristic of ECOs [34]. Several groups have claimed that the
potential evidence of GW echoes in the LIGO/Virgo data have already been found [3, 34]
2
(see [5, 35] for a review). The GWs echoes are produced due to the surface of the ECOs
which can reflect the incident GWs, or the quantum corrections to conventional black holes
event horizons [3, 6, 34, 36–48]. Therefore, the GW echoes play a key role in exploring
physics near ECOs and also pave a path towards quantum gravity.
Wormholes are a class of important and simple horizonless objects which connect two
distinct universes or two distant regions of the same universe by throat of wormholes [49],
and they are also considered as a kind of ECOs as they can be constructed to have any
arbitrary compactness and usually the exotic matter is required to build such models [5].
Different wormhole spacetimes can have very different properties. Since people are interested
in wormhole that mimic black holes, some simple but useful wormhole models are usually
discussed, such as wormhole constructed by gluing two Schwarzschild black hole spacetimes
[3, 34, 39, 43, 50], and Damour-Solodukhin Wormhole [6, 51, 52]. We can detect the worm-
holes by gravitational lensing as it is known to be one of the most important tools to test the
predictions of general relativity [53–65]. Recently, the authors in [50] interestingly proposed
that the objects in our universe can be influenced by the objects in other universe (or other
region of the same universe) through wormholes and thus provided a new method to detect
wormholes.
Note that the wormholes are ECOs such that it is natural to apply GWs echoes to detect
wormholes and reveal the characteristics of such ECOs. In [3, 34], the GW echoes are first
disclosed by studying the simple spherically symmetric wormholes. The GW echo from
a wormhole model with a slowly evolving throat radius is also studied [43]. It gives rise
to a nonconstant delay time of echoes. Also, the GW echoes are regarded as a probe to
characterize the black hole–wormhole “transition” [66, 67]. Since the object after merge
would rotate rapidly, several groups have studied the signals of GW echoes from Kerr-like
wormholes [6, 68]. The studies indicate that rotation leads to two key characteristics: the
break of the degeneracy of the quasinormal frequencies and the emergence of the modes of
the late-time instabilities. In addition, some preliminary attempts have been implemented
to establish templates of echoes from wormhole models [6, 39, 42].
In this paper, we intend to study the GW echoes from a phantom wormhole proposed in
[69]. This wormhole geometry are supported by phantom dark energy with equation of state
w < −1 [70], which violates the null energy condition. The wormhole solutions in [69] are
asymptotically flat and there is no need to surgically paste the interior wormhole geometry
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to an exterior vacuum spacetime. They are contrary to other phantom wormhole solutions
which are not asymptotically flat [71–75] or for which the interior wormhole metric is glued
to a vacuum exterior spacetime at a junction interface [76–81]. From this point of view, this
new wormhole solutions are more natural.
It is very interesting to study wormholes in the background filled with phantom dark
energy. As we all know, the astrophysical compact objects are believed to be influenced
by their environment, for example, through the accretion disks. In Ref. [82], the authors
studied perturbations around black holes absorbing dark energy and they observed distinct
perturbation behaviors when black holes swallow different kinds of dark energy. This pro-
vides the possibility of disclosing whether the dark energy is of quintessence type or phantom
type. In Ref. [83], the authors proposed that gravitational radiation from binary systems
of supermassive black holes can provide information of local properties of dark energy. Its
feasibility was further discussed in [84]. These attempts provide ideas of possible local detec-
tion of dark energy in astronomical observations [82, 83]. Since the echoes of gravitational
wave can be detected in the near future in the third-generation ground based GW detectors
or space based GW detectors, examining the influences of the phantom dark energy param-
eter on the echo behaviors is interesting, which is possibly a new way to probe dark energy
locally in phantom wormhole backgrounds.
Our paper is organized as what follows. In Section II, we present a brief introduction of
the phantom wormhole models and introduce the numeric method to calculate the waveforms
of GW echoes. The echo signals from phantom wormhole model I and II are worked out and
analyzed in Section III and Section IV, respectively. The final remarks are given in Section
V.
II. WORMHOLE MODELS AND METHODS
In this section, we shall present a brief review on the asymptotically flat phantom worm-
holes. And then, we write down the evolution equations of a test scalar field and an elec-
tromagnetic field in the tortoise coordinate. Next, we introduce the numerical method of
time-domain profile to solve the equation of motion (EOM).
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A. Asymptotically flat phantom wormholes
A new asymptotically flat phantom wormhole solution is constructed in [69], which is
given by
ds2 = −A(r)dt2 +B(r)dr2 + r2(dθ2 + sin2 θdφ2) , (1)
B(r) =
1
1− b(r)
r
. (2)
The function b(r) above is the shape function which describes the shape of the worm-
hole. The wormhole throat connecting two asymptotic regions is located at a minimum
radial coordinate r0 satisfying b(r0) = r0. The so-called flaring-out condition gives (b(r) −
b′(r)r)/2b2(r) > 0, which results in b′(r0) < 1 at the wormhole throat. To have a well-defined
wormhole, we require B(r) > 0 for r ≥ r0, which leads to b(r) < r. In addition, to have
an asymptotically flat geometry, we shall impose the following conditions A(r) → 1 and
b(r)/r → 0 at r →∞.
Considering phantom energy as the content of the spherically symmetric spacetime, there
are several strategies to solve the Einstein field equations. Here, we focus on two specific
wormhole solutions in [69], which is obtained by two specific strategies. The first one,
denoted by Wormhole Model I, can be constructed by specifying a specific shape function.
The other one, denoted by Wormhole Model II, is established by specifying two equations
of state relating the tangential pressure and the energy density. For more details for finding
the phantom wormhole geometries, we can refer to Ref. [69].
1. Wormhole Model I
We construct Wormhole Model I by constructing a specific shape function, which is
b(r)
r0
= a
(
r
r0
)α
+ C. (3)
α, a and C are dimensionless constants. Asymptotically flat condition b(r)/r → 0 at r →∞
gives rise to α < 1. At the throat r = r0, the condition b(r0)/r0 = 1 gives rise to the
relation C = 1 − a. Positive energy density imposes the condition aα > 0 and the flaring-
out condition b′(r0) < 1 forces aα to satisfy aα < 1. Therefore, we have the restrictions of
parameters as
α < 1, 0 < aα < 1. (4)
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After the shape function is specified, we shall work out the redshift function A(r), which
is determined by the following ordinary differential equation [69]
A′(r)
A(r)
=
r0
r2
×
1 + a
[(
r
r0
)α
(1 + ωα)− 1
]
1− r0
r
{
1 + a
[(
r
r0
)α
− 1
]} . (5)
The exact solution for the above differential equation only exists for some specific model
parameters. Here we only consider the specific case of α = 1/2, which yields
A(r) = κ
(
1 +
1− a√
r/r0
)2
, (6)
where κ is a constant of integration. For simplicity, we take κ = 1. Then, the line element
can be wrote down as
ds2 = −
(
1 +
1− a√
r/r0
)2
dt2 +
dr2
1− a√
r/r0
− 1−a
r/r0
+ r2(dθ2 + sin2 θdφ2). (7)
Note that for this case, we have ω = −2/a and 0 < a < 2.
2. Wormhole Model II
We build Model II by specifying two equations of state relating the tangential pressure
and the energy density. For this model, we take the following form of the red shift function
A(r) = 1 + γ
(r0
r
)α
, (8)
with α > 0 and A(r) → 1 in the limit of r → ∞. γ is a dimensionless constant. In this
paper, we only focus on the case of α = 1, for which the shape function is given by
b(r) = −γr0 + (r + γr0)−1/ω[r0(1 + γ)](1+ω)/ω . (9)
To have a well-defined wormhole spacetime without even horizon, we require A(r) > 0,
which leads to γ > −1. It is easy to check b′(r0) = −1/ω < 1 for ω < −1, which satisfies
flaring-out condition. Without loss of generality, we shall take r0 = 1 in the numerical
calculation through this paper.
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B. The methods
1. Wave Equations
We only focus on the evolution of a test scalar field and an electromagnetic field as
a proxy for gravitational perturbations in this paper. It can be expected to capture the
main properties of GW echoes. We write down the EOMs for massless scalar field and
electromagnetic field as what follows
1√−g∂µ(
√−ggµν∂νΦ) = 0, (10)
1√−g∂µ(Fρσg
ρνgσµ
√−g) = 0, (11)
where Fρσ = ∂ρAσ − ∂σAρ is the electromagnetic field tensor and Aσ is the related gauge
potential. By separating the variables for scalar field Φ and vector potential Aν and keep
the radial part denoted by Ψ(r), the EOM of the fields can be reduced to one dimensional
Schrodinger-like form in the tortoise coordinate r∗ as
d2Ψ(r)
dr2∗
+ (ω2 − V (r))Ψ(r) = 0, (12)
where the tortoise coordinate is defined by
dr∗ =
√
B(r)
A(r)
dr. (13)
The effective potential V (r) takes the following forms for scalar field and electromagnetic
field, respectively [66, 85]
Vs(r) = A(r)
l(l + 1)
r2
+
1
2r
d
dr
A(r)
B(r)
, (14)
Vem(r) = A(r)
l(l + 1)
r2
, (15)
where l stands for angular number. Vs(r) denotes the effective potential for scalar field and
Vem(r) denote the effective potential for electromagnetic field.
The centrifugal barrier l(l+1)
r2
in the first term of Vs(r) and Vem(r) comes from the decom-
position of spherical harmonic function. The redshift factor A(r) in this term accounts for
relativistic effects near the horizon.
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2. Time-domain integration
We explore the signals of the GW echo by studying the time-domain profiles of the scalar
and electromagnetic fields, which can be obtained by directly integrating the time-dependent
differential equation. To achieve this goal, we recast the EOM of two fields into the following
wavelike form
− ∂
2Ψ(t, r∗)
∂t2
+
∂2Ψ(t, r∗)
∂r2∗
− V (r(r∗)) = 0. (16)
In general, it is almost impossible to obtain an analytical solution to the above wave equation
with the given effective potential V (r(r∗)). So we turn to resort to the numerical method.
To this end, we define Ψ(t, r∗) = Ψ(i∆t, j∆r∗) = Ψi,j, V (r(r∗)) = V (j∆r∗) = Vj such
that we can discretize Eq. (16) as
−(Ψi+1,j − 2Ψi,j + Ψi−1,j)
∆t2
+
(Ψi,j+1 − 2Ψi,j + Ψi,j−1)
∆r2∗
− VjΨi,j +O(∆t2) +O(∆r2∗) = 0.
(17)
The detailed discretization scheme can be found in [86]. Considering the initial Gaussian
distribution Ψ(t = 0, r∗) = exp[− (r∗−a¯)22b2 ] and Ψ(t < 0, r∗) = 0, the discretized equation
controlling time evolution of field is derived as [86]
Ψi+1,j = −Ψi−1,j + ∆t
2
∆r2∗
(Ψi,j+1 + Ψi,j−1) + (2− 2 ∆t
2
∆r2∗
−∆t2Vj)Ψi,j. (18)
The parameters are taken as b = 3, ∆t/∆r∗ = 0.5 in our discussion, and we will properly
choose the values of a¯ in different cases.
III. ECHOES SIGNALS IN WORMHOLE MODEL I BACKGROUND
In this section we focus on the time-domain profile of the scalar field and electromagnetic
field in Wormhole Model I background. We detect the signals of echo in this model and
further explore the effects of wormhole parameters on the behaviors of echo. Next, we
shall study the echoes from scalar field and electromagnetic field, respectively. Also, a brief
comment on the similarities and differences of both fields is also presented.
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A. Echoes of scalar field waves
Before going to explore the effects of wormhole parameters on the echoes, we want to
understand the dependence of the echoes on the angular number l. The echoes appear
thanks to a potential well as the consequence of the structure of the wormhole geometry.
Therefore, the shape of the effective potential is important in understanding the properties
of the echo from wormhole geometry. To this end, we show the effective potential in the left
column in Fig. 1. Correspondingly, the time-evolution of scalar field is shown in the right
column in Fig. 1. Note that to ensure the existence of potential well which is the necessary
condition of the occurrence of echoes, the parameter a is required to be a ≤ 2 such that the
value of ω = −2/a can only approach to ω = −1 from below. We will first fix a = 1.9 and
treat the angular number l free to explore the influence of the angular number on echoes.
From the left column in Fig. 1, we indeed observe the double barriers and so thus the
corresponding echo signals in the time-domain profile of the scalar field (right column in
Fig. 1). Next, we summarize the properties of the dependence of the echoes on the angular
number l as what follows.
• Higher angular number l leads to echo signals with smaller amplitudes. This obser-
vation can be understood by the potential well. From left column in Fig. 1, we see
that with the increase of l, the potential grows quickly. The higher potential barriers
will make it more difficult for the scalar waves to escape from the potential well to
generate echoes.
• The time delay between two successive echoes depend very weakly on the angular
number l. It is because the width of the potential is only slightly changed with the
increase of l.
• Since the higher l is related to higher oscillation frequency of the waves, the waves with
higher l oscillate more rapidly. We can also understand this phenomenon intuitively
by noting that the higher potential barriers arising from the higher angular number
only allow the waves with high enough energy to escape from it, and hence waves with
higher frequencies can be observed.
Now, we fix the angular number l = 1 and turn to focus on the effect from phantom
matter on the echoes. Fig. 2 shows the effective potential and time evolution of scalar field
9
l=1
-150 -100 -50 0 50 100 1500.00
0.02
0.04
0.06
0.08
r*
V
s
(r *)
0 200 400 600 800 1000
-10
-5
0
5
t (l=1)
Ψ s(t)
l=3
-150 -100 -50 0 50 100 1500.0
0.1
0.2
0.3
0.4
r*
V
s
(r *)
0 200 400 600 800 1000
-4
-2
0
2
4
t (l=3)
Ψ s(t)
l=6
-150 -100 -50 0 50 100 1500.0
0.5
1.0
1.5
r*
V
s
(r *)
0 200 400 600 800 1000
-2
-1
0
1
2
t (l=6)
Ψ s(t)
FIG. 1. The effective potential behavior in coordinate r∗ and time evolution of scalar field for
different angular number l, and we take parameter a = 1.9 in this figure.
for different phantom wormhole parameter a, which relates the state of equation of phantom
matter as ω = −2/a. One can see that the model parameter a has a strong effect on the
time delay between echoes. As a increases from small values and approaches to the upper
limit 2, the time delay becomes longer. This is because the potential becomes wider with
the increase of a (left plot in the top row in Fig. 2). It indicates that the time delay becomes
longer as the equation of state ω approaches −1 from the phantom state. Therefore, once
the signals of echo is detected in future observations, it is possible to constrain the state
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FIG. 2. The left one plot in the top row is effective potential behavior of scalar field in coordinate
r∗ for different parameter a and the other plots are the time-domain profile of the scalar field
corresponding to each potential. We take angular number l = 1 in this figure.
parameter ω of phantom matter. In addition, we also note that the model parameter a has
very weak effect on the amplitudes of the echo. It can be attributed to the fact that the
height of the potential barriers are almost unchanged for different model parameter a (left
plot in the top row in Fig. 2).
B. Echoes of electromagnetic field waves
In this subsection we briefly discuss the properties of echoes from probe electromagnetic
field by comparing the similarities and differences with that from scalar field studied in the
above subsection. The left column in Fig. 3 shows the effective potential of electromagnetic
field with different angular number l for fixed a = 1.9. We see that as l increases, the
potential grows quickly but the width of the potential well is only slightly changed. This
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FIG. 3. The effective potential behavior in tortoise coordinate r∗ and time-evolution of electro-
magnetic field for different angular number l, and we take parameter a = 1.9 in this figure.
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FIG. 4. The effective potential in coordinate r∗ for different parameter a and the time-evolution
of electromagnetic field. We take angular number l = 1 in this figure.
variation characteristic, even the shape and size of the potential, is almost the same as that
of the scalar field observed in the left column in Fig. 1. The same thing also happens when
we fix l and change a (see the top left in Fig. 4). This observation indicates that the role
the last term in the effective potential of the scalar field Vs(r) playing is almost negligible,
though we cannot still give a well interpretation.
Then we present the time-domain profile of electromagnetic field with different angular
number l in the right column in Fig. 3. Just as expected, the main characteristics of the
time-evolution of electromagnetic field are almost same as that of the scala field exhibited in
the above section. The signal of echo can be clearly observed. The higher angular number l
results in echoes signals with smaller amplitudes. As the angular number l is turned up, the
amplitudes of the echoes are dramatically decreased and the waves oscillate more rapidly.
All these are the universal properties of the time-evolution of the test field affected by the
angular number l.
Also, Fig. 4 exhibits the time-evolution profile of electromagnetic field with different
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parameter a. We can clearly see that a longer time delay between echoes for a bigger a
when it approaches 2 from below, which is the same as that of the scalar field. Therefore,
the time delay of the echoes from electromagnetic field also becomes longer as the equation
of state ω increases from the phantom state to approach ω ∼ −1.
IV. ECHOES SIGNALS IN WORMHOLE MODEL II
As revealed in the above section, there is only very slightly difference between the po-
tentials of scalar field and electromagnetic field. The difference of the effective potential
formula for scalar and electromagnetic field is that an additional term appears for scalar
field as shown in Eq. (14) and Eq. (15), and this additional term only contributes little to
the potential in wormhole model I studied above. The almost same potentials also result
in the almost the same properties of the signal of echoes. Before starting this section, we
also show the potentials of scalar field and electromagnetic field over Wormhole Model II
in Fig. 5. From this figure, we clearly see that the characteristics of effective potential of
electromagnetic field are also just slightly different from that of scalar field in this wormhole
model and so we infer that the signals of echo from scalar field and electromagnetic field
should be similar. Based on this point, we only study the time-evolution of scalar field in
the configuration of Wormhole Model II in this section.
As we have illuminated above, we shall set r0 = 1 and α = 1 and leave the parameters
γ and ω free, such that we mainly focus on the effect of the two parameters on the echoes.
Note that to make sure the existence of the wormhole and the potential well, we restrict γ
to be the region of γ > −1 but very close to −1. Since the state parameter ω is not involved
in the redshift function A(r), we can take any values of ω in the region ω < −1, which is
contrary to the situation in Model I where we must take ω . −1 to ensure echoes produced.
We also would like to exhibit the properties of the time-evolution profile of scalar field
over model II for different angular number l (see Fig. 6). From this figure, we again confirm
that the effects of the angular number l on the signals of echo studied in model I, i.e.,
• Higher angular number l leads to echo signals with smaller amplitudes.
• The time delay between two successive echoes depend very weakly on the angular
number l.
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FIG. 5. The effective potential in coordinate r∗ for model II (left column is for the scalar field and
right column is for the electromagnetic field). Here we take γ = −0.9999 and ω = −2.
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FIG. 6. The time-evolution of scalar field for different angular number l. Here we we take
γ = −0.9999 and ω = −2.
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FIG. 7. The time evolution of scalar field for different parameter γ. Here we take ω = −2 and
l = 2.
• The waves with higher l oscillate more rapidly.
Therefore, we conclude that the above properties of the dependence of the echoes on the
angular number l are universal. In addition, we note that the amplitude of echo is usually
smaller for model II than that for model I. It can attribute to a deeper potential well for
model II, for which it is more difficult for the trapped waves to escape.
Next, we turn to study the effect of the parameter γ of the phantom wormhole. The
effective potential and the time evolution of scalar field for different γ are exhibited in the
bottom of Fig. 5. It is shown that the maximum of the potential is almost not changed under
different γ, but the width of the potential well is apparently extended with the increase of
γ. Correspondingly, we find in Fig.6 that the amplitudes of the scalar wave for different
γ almost remain unchanged, but the time delay of echo signals becomes longer with larger
|γ|. What’s more, we would like to point out that the oscillation frequencies of echoes for
different γ are in the same order of magnitude. This observation can also attributed to the
height of the potential, which is almost unchanged for different γ.
The state parameter ω is an important quantity characterized the property of phantom
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FIG. 8. The effective potential of scalar field for different state parameter ω, and we take γ =
−0.999, l = 2 in this figure.
energy. Therefore, it is necessary to investigate the effects of the state parameter on the
property of the evolution of the field perturbations exerted on the wormhole spacetime
supported by this phantom matter. As the behaviors of the field perturbations could be
affected by different ω, thus it is possible to determine the sate parameter by analysing the
characteristics of the perturbations, or echoes as we will demonstrate. Here, we shall explore
carefully the effect of ω on the signals of echo in model II.
The effective potential and the time-evolution profile of scalar field for different ω are
shown in Fig. 8 and Fig. 9, respectively. From Fig. 8, we can see that the height of the
potential is only slightly influenced by ω. Correspondingly, the amplitudes of the echo only
slightly change as ω varies (see Fig. 9), which is consistent with the role ω plays in model I.
Now, we mainly focus on the effect of the state parameter ω on the delay time of echoes,
which is an important testable quantity in future GW observations. First, from Fig. 8,
one can see that the width of the potential well is decreased with the increase of |ω|. In
particular, as we increase |ω| from 1 to 2 width of the potential well is quickly shortened.
But for |ω| > 2, even we further turn up |ω|, the width of the potential well is just slightly
changed. As a result, we see that the delay time of echoes becomes longer when ω tends
to ω = −1 from below. As dark energy becomes more phantom, the delay time becomes
shorter and shorter. And then for ω < −2, the delay time scale tends to a constant even
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FIG. 9. The time-domain profile of scalar field for different parameter ω, and we take γ =
−0.999, l = 2 in this figure.
when ω further decreases. Such an obvious characteristic can be easily detected in future
GW observations.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we have investigated the properties of signals of echo from testing scalar
field and electromagnetic field perturbations around phantom wormhole configurations. The
phenomena of echo behaviors root deeply in physical properties of the effective potential well
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of the corresponding spacetimes. Here we summarize the main properties of signals of echo
from phantom wormhole configurations and their relations to effective potential properties.
When the effective potential becomes deeper, for example because of the increase of the
angular index, the perturbation will be more difficult to escape from the potential well
which results in a smaller signal amplitude of the echo. When the effective potential well
becomes wider due to the change of parameters a or γ for example, there appears a time
delay in the echo spectrum.
Here we examined the echoes of scalar field and electromagnetic field perturbations. Re-
gardless of an additional term in the scalar potential, echo behavior in the scalar perturbation
is found very similar to that in the electromagnetic field perturbation. We expect that the
properties of echoes we obtained in scalar field and electromagnetic field perturbations also
will persist in the gravitational perturbation, which we will examine in the future. As de-
scribed in [3, 34], the waveform of echo is composed of two parts. The first part is the initial
ringdown signals from the waves scattered from the potential wall. The second part is the
signal of echo arising from the trapped waves leakage through the potential barrier. This
suggests that each echo is a low-frequency filtered version of the previous one. The original
shape of the mode gets quickly washed out after a few echoes, such that at later times the
lower frequencies of echoes will be observed. This description of echoes also holds in our
discussion of the phantom wormhole configurations.
It is of great interest that in phantom wormhole configurations, the dark energy equation
of state can influence the echo spectrum. In the wormhole model I, there are two entangled
parameters influence the echo spectrum. In this model dark energy equation of state does
not show apparently in the parameter space, it is tuned by changing the parameter a through
ω = −2/a. Increasing the model parameter a will increase the equation of state of dark
energy from ω < −1. When a reaches the maximum allowed value 2, ω = −1. This
maximum value of a is required to keep the configuration. In the process of the increase
of a, the time delay in the echo becomes longer. In Model II, there are two independent
parameters γ and ω appear in the metric and affect the echo spectrum separately. The
parameter γ dominates the impacts on echoes, and the influences of ω is subdominant.
The increase of the absolute value |γ| will result in the time delay of the echoes, however
the oscillation frequency is not sensitive to the change of γ. The effect of the dark energy
equation of state in Model II also modifies the time delay in echoes. For ω < −2, its influence
19
on echo time delay is negligible. However when ω approaches to phantom divide from −2,
the delay time in echoes becomes longer. The influence of the dark energy equation of state
shown in the echo spectrum is interesting. Once the echo is detected, the signature of the
dark energy equation of state in the echo can serve as a local measurement of the dark
energy.
In previous literatures [3, 6, 34, 36, 43–45, 48, 87], the time delay ∆t of the echoes
are usually simply evaluated by calculating the time the null geodesic traveling from one
potential peak to another one and comeback to the first one. Therefore, the delay time is
given by ∆t ≈ 2L, where L is the width of the potential well obtained by r∗(rightpeak) −
r∗(leftpeak). We would like to point out that this formula is only valid for a very sharp
potential, as in the case of our wormhole model II and the existing literatures [3, 6, 34, 36, 43–
45, 48, 87]. However, this formula is not valid if the potential is “fat”, as in our wormhole
model I. This suggests that the period in echoes are needed to be studied more carefully,
especially if we want to employ it as a dark energy probe.
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